Abstract. In this paper we present a necessary and sufficient condition for constructing gradient almost Ricci solitons that are realized as warped products. This will be done through the O'Neill's formulas and a particular study of Riemannian manifolds satisfying a Ricci-Hessian type equation. Furthermore, we provide existence and rigidity results.
Introduction
In the last years much attention has been given to Einstein metrics and their generalizations. For instance, Ricci solitons, almost Ricci solitons and m-quasiEinstein metrics. Recently, it has been observed that these structures are directly related to warped products. For example, a warped product is an Einstein manifold if and only if its base is a m-quasi-Einstein metric [6, 10] . A classical theorem, due to Brinkmann establishes that a Riemannian manifold M is a warped product if and only if there is a nontrivial gradient conformal vector field on M . Hence, as it was observed in [13] , any surface gradient Ricci soliton is immediately a warped product. Robert Bryant constructed a steady Ricci soliton as the warped product (0, +∞)× f S m , m > 1, with a radial warping function f [4] . On the other hand, it has been shown that there does not exist a compact Einstein warped product with nonconstant warping function if the scalar curvature is non-positive [6] . More generally, any expanding or steady gradient Ricci soliton warped product with limited warping function and fiber with dimension at least two must be a Riemannian product [7] . In [5] the authors made a particular study of m-quasi-Einstein metrics to characterize warped products when the base is locally conformally flat. In this direction, it was advanced the study of gradient Ricci solitons that are realized as warped products [7, 15] and it was proved that the potential function depends only on the base as well as the fiber is necessarily Einstein manifold. Moreover, in [15] are presented all such solutions in the case of steady gradient Ricci solitons when the base is conformal to an n-dimensional pseudo-Euclidean space invariant under the action of the (n − 1)-dimensional translation group and the fiber is Ricci-flat. For more details on Einstein metrics and their generalizations see [2, 4, 10, 16] .
In this paper we study almost Ricci solitons that are realized as warped products. The latter were introduced in [16] where essentially the authors modified the definition of Ricci solitons by adding the condition on the parameter λ to be a variable
where Ric and L stand, respectively, for the Ricci tensor and the Lie derivative. We shall refer to this equation as the fundamental equation of an almost Ricci soliton M k , g, X, λ . When the vector field X is the gradient of a smooth function ψ : M k → R the manifold will be called a gradient almost Ricci soliton. In this case the preceding equation becomes
where ∇ 2 ψ stands for the Hessian of the potential function ψ. Taking the trace of equation (1.1) we obtain R + ∆ψ = kλ.
The next equation is due to Barros and Ribeiro [2] 
It follows from these two relations that
In this direction we deduce similar equation to (1.2) for the base of a gradient almost Ricci soliton warped product, cf. equation (1.4) below.
We observe that an almost Ricci soliton is related to a warped product. This is due to the fact that a locally conformally flat gradient almost Ricci soliton, around any regular point of potential function, is locally a warped product with (k − 1)-dimensional fibers of constant sectional curvature [8] . Again by Brinkmann's theorem we can affirm that any surface gradient almost Ricci soliton is a warped product. Moreover, almost Ricci solitons that are realized as Einstein warped products, with base unidimensional and Einstein fiber, were constructed in [16] . Motivated by [16] the authors of [1] observed that the warped product M = R × f S m with metric g = dt 2 + f 2 g 0 , has a structure of almost Ricci soliton M, g, ∇φ,λ , where g 0 is the standard metric of S m and the functions involved are the respective lifts of ϕ(t) = sinh t and λ(t) = sinh t − m whereas the warping function is f (t) = cosh t. A straightforward calculation showed that these functions satisfied the equations (1.3), (1.4) and (1.5) below with µ = m − 1.
Our purpose is to obtain a necessary and sufficient condition which will enable us to construct a gradient almost Ricci soliton warped product. For this reason, it will be crucial to prove the following result. Proposition 1. Let (B n , g) be a Riemannian manifold with three smooth functions f > 0, λ and ϕ satisfying
for some constants m, c ∈ R, with m = 0. Then f , λ and ϕ satisfy (1.5)
Further generalizations of Einstein metrics have been considered in [9] , where equation (1.1) is replaced by what the author calls the Ricci-Hessian equation, namely,
where α and γ are smooth functions. Note that since the author is interested in conformal changes of Kähler-Ricci solitons which give rise to new Kähler metrics, the presence of the function α is vital in his investigation. We point out that Riemannian manifolds satisfying a Ricci-Hessian type equation (1.3) by itself is already quite interesting. By Proposition 3, the base of every gradient almost Ricci soliton that is realized as warped product has a structure given by a Ricci-Hessian type equation. In Section 3, we will prove some results of rigidity for gradient Ricci soliton Riemannian product and we will make a particular study of the Ricci-Hessian type equation.
Recall that the warped product M = B n × f F m of two Riemannian manifolds is simply their Riemannian product endowed with the metric
where π : M → B and σ : M → F are canonical projection maps and the positive smooth function f on B is called the warping function. We consider the liftφ = ϕ•π of ϕ to M of the smooth function ϕ on B. By taking m to be an integer at least 2 and using the O'Neill's formulas [3] we construct a gradient almost Ricci soliton warped product as follows.
be a Riemannian manifold with three smooth functions f > 0, λ and ϕ satisfying (1.3) and (1.4). Take the constant µ satisfying (1.5) and a Riemannian manifold (F m , g F ) with Ricci tensor
is a gradient almost Ricci soliton warped product.
At this juncture we should stress the fact that the requirement that the metric g F is Einstein is essential and indispensable, cf. Proposition 3.
Corollary 1. Let R
n be an Euclidean space with coordinates x = (x 1 , . . . , x n ) and metric g ij = e 2ξ δ ij , where
has structure of the gradient almost Ricci soliton with Ricci flat fiber F, where
for some constants c 1 and c 2 .
Existence conditions for the almost Ricci soliton warped product
In this section we shall follow both the notation and the terminology of Barret O'Neill [3] . Given a warped product M = B n × f F m , the manifold B is called the base of M and F -the fiber. The set of all horizontal liftsX is denoted by L(B), whereas the set of all vertical liftsṼ is denoted by L(F). From now on, if X ∈ X(B), when there is no danger of confusion, we will use the same notation for its horizontal lift. We shall follow similar convention for the vertical lift of V ∈ X(F).
Tangent vectors to the leaves are horizontal and tangent vectors to the fibers are vertical. We denote by H the orthogonal projection of T (p,q) M onto its horizontal subspace T (p,q) (B × q) and by V the projection onto the vertical subspace T (p,q) (p × F). It is well known that the gradient of the lift h • π of a smooth function h on B to M is the lift of the gradient of h, cf. Lemma 34 of [3] . Thus, there should be no confusion if we simplify writeh for h • π. This way, the gradient, the Hessian and Laplacian ofh calculated in the metric of M will be respectively denoted by ∇h, ∇ 2h and ∆h, where ∆ = tr(∇ 2 ). We will denote by D, ∇ and 
. We are now ready to prove our first result.
be two smooth functions such that (M, g, ∇ψ,λ) is a gradient almost Ricci soliton. Then ψ =φ for some function ϕ ∈ C ∞ (B) and the equation (1.4) is valid for the functions f , ϕ and λ defined in B.
Proof. By Corollary 43 of [3] , for all Y ∈ L(B) and V ∈ L(F) is valid
Since ∇ψ = H(∇ψ) + V(∇ψ), by the fundamental equation, we have
Proposition 35 of [3] ensures that
From where we conclude that ∇ψ ∈ L(B). By uniqueness of the lift we have that ψ =φ for some smooth function ϕ in B. This proves the first assertion of the proposition. From (1.2) we have
By Lemma 34 of [3] we have (2.4) ∇φ = ∇ϕ.
Using Proposition 35 of [3] it is possible show that
Plugging (2.4) and (2.5) in (2.3) we obtain equation (1.4).
It follows from the previous proposition that if the warped product (B n
Proof. Corollary 43 of [3] ensures that
This proves the first assertion of the proposition. Again, by Corollary 43 of [3] and the fundamental equation, we have
Thus, equation (2.7) can be written as follows
which is sufficient to complete the proof of the proposition.
In what follows, we consider almost gradient Ricci solitons warped products, where the bases are conformal to an Euclidean spaces R n which are invariant under the action of the (n − 1)-dimensional translation group. For this purpose, it will suffice to construct the solutions of the equation (1.3) of the form f (ξ) > 0, ϕ(ξ) and λ(ξ), that is, they only depend on ξ = n i=1 α i x i , α i ∈ R. Whenever Theorem 2. Let R n , n ≥ 3, be an Euclidean space with coordinates x = (x 1 , . . . , x n ) and metric 
Proof. Since the metric g is conformal the canonical metric g 0 of R n , it is well known that
where the two summands appearing in the second term of this equation are calculated in the metric g 0 . Moreover, for every f ∈ C ∞ (M ) the following are valid
So we need to analyze equation (1.3) in two cases. For i = j, it rewrites as
and for i = j,
We now assume that the argument ξ of the functions F (ξ), f (ξ) and ϕ(ξ) is of the form ξ = n i=1 α i x i . Hence, we have F xi = F ′ α i and F xixj = F ′′ α i α j where the superscript ′ denotes the derivative with respect to ξ. Using the same reasoning for f and ϕ, we rewrite the equations (2.11) and (2.12) as
As n ≥ 3, we can choose this invariance so that at least two indices i, j are such that α i α j = 0 and n i=1 α 2 i = 1. Thus, (2.13) and (2.14) are summarized, respectively, by
Plugging, (2.15) in (2.16), we get
This concludes the proof of theorem.
We recall that each (0, 2)-tensor T on (M, g) can be associated to a unique (1, 1)-tensor by g(T (Z), Y ) := T (Z, Y ) for all Y, Z ∈ X(M ). We shall slightly abuse notation here and will also write T for this (1, 1)-tensor. So, we consider the (0, 1)-tensor given by
where p ∈ M and v, w ∈ T p M. Thus, we get div(ϕT ) = ϕdivT + T (∇ϕ, ·) and ∇(ϕT ) = ϕ∇T + dϕ ⊗ T for all ϕ ∈ C ∞ (M ). In particular, we have div(ϕg) = dϕ. Moreover, the following two general facts are well known in the literature
These identities will be used in what follows without further comments.
Proof of Proposition 1.
Proof. From (1.3) we obtain
where S is the scalar curvature of B. Thus,
Let us now use the second contracted Bianch identity, namely
We compute
From (1.3) we have
and
This way
Plugging the equations (2.18) and (2.20) in equation (2.19) we have
Plugging this latter equation in (2.21), we obtain we obtain
Multiplying it by
which is sufficient to complete the proof.
Proof of Theorem 1.
Proof. By the hypotheses on f , λ and ϕ we can conclude by Proposition 1 that any µ given by (1.5) is constant. Now, taking an Einstein manifold (F m , g F ) with Ricci tensor F Ric = µg F , we can consider the warped product (
Notice that this manifold has a structure of almost Ricci soliton. Indeed, we observe that this follows from
, (2.6) and the hypothesis (1.3) that the fundamental equation Finally, for V, W ∈ L(F) we have
Plugging (1.5) in the previous equation we obtain
This completes the proof of theorem.
Proof of Corollary 1.
Proof. For F (ξ) = e −ξ and f (ξ) = e ξ we have from (2.9) that
for some constants c 1 and c 2 . Now, from (2.10), we have
Now, we need to check that f, ϕ, λ and F satisfy equation (1.4) . In fact, a straightforward computation shows that
We note that ∆ϕ =
Combining equations (2.23)-(2.26) we have that (1.4) is satisfied. Finally, we compute
The conclusion of the corollary now immediately follows from Theorem 1.
Results on Rigidity
As in the case of Ricci solitons, almost Ricci solitons warped products as well as the manifolds satisfying Ricci-Hessian type equation exhibit a certain rigidity. This is expressed by triviality and a classification result. For example, consider the elliptic operator of second order given by
By equation (1.5) we have
Then a gradient almost Ricci soliton warped product (B n × f F m , g, ∇φ,λ), m > 1, reduced to a Ricci soliton Riemannian product provided that f reaches a minimum and λ ≥ µ f 2 (or f reaches a maximum and λ ≤ µ f 2 ). Notice that the existence of µ is ensured by Proposition 1. By Propositions 2 and 3 imply the validity of the equations (1.3) and (1.4) and the result follows by the strong maximum principle. Theorem 3. Let M = B n × f F m be a warped product and ψ ∈ C ∞ (M ), λ ∈ C ∞ (B) two smooth functions such that (M, g, ∇ψ,λ) is a gradient almost Ricci soliton with λ ≤ 0 and f is limited. Then, M is reducable to Ricci soliton Riemannian product provided that λ(p) ≤ λ(q), where p and q are maximum and minimum points of f , respectively.
Proof. In what follows we will assume that the function f is limited when it reaches a maximum and a minimum. If M = B n × f F m , m > 1, is a gradient almost Ricci soliton then ψ =φ and Ric+∇ 2φ =λg. Thus, by Proposition 3 we have By Proposition 1 µ is constant. Let p, q ∈ B n be the points where f attains its maximum and minimum in B n . Then ∇f (p) = 0 = ∇f (q) and ∆f (p) ≤ 0 ≤ ∆f (q).
We point out that the compactness of B n in our result is an essential hypothesis. In fact, let us consider the hyperbolic space (H n , g 0 ) as a hyperquadric of the Lorentz-Minkowski space L n+1 and v a nonzero fixed vector in L n+1 . After a straightforward computation, it is easy to verify that the height function h v on H n provides a nontrivial conformal vector field on H n for an appropriate choice of v, more precisely ∇ 2 h v = h v g 0 . Consequently, since H n is Einstein, it follows that the functions ϕ = −h v , f = h v + c and λ = −(n − 1) − (1 + m hv+c )h v on H n satisfies the equation (1.3) , where c is a constant chosen so that f > 0.
